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Abstract

The characteristics of transient double-diffusive convection in a vertical cylinder are numerically simulated using a finite element
method. Initially the fluid in the cavity is at uniform temperature and solute concentration, then constant temperature and solute con-
centration, which are lower than their initial values, are imposed along the sidewall and bottom wall, respectively. The time evolution of
the double-diffusive convection is investigated for specific parameters, which are the Prandtl number, Pr = 7, the Lewis number, Le = 5,
the thermal Grashof number, GrT = 107, and the aspect ratio, A = 2, of the enclosure. The objective of the work is to identify the effect
of the buoyancy ratio (the ratio of solutal Grashof to thermal Grashof numbers: N = GrS/GrT) on the evolution of the flow field, tem-
perature and solute field in the cavity. It is found that initially the fluid near the bottom wall is squeezed by the cold flow from the side-
wall, a crest of the solute field forms and then pushed to the symmetry line. In the case of N > 0, a domain with higher temperature and
weak flow (dead region) forms on the bottom wall near the symmetry line, and the area of dead region increases when N varies from 0.5
to 1.5. More crests of the solute field are formed and the flow near the bottom wall fluctuates continuously for N < 0. The frequency of
the fluctuation increases when N varies from �0.5 to �1.5. Corresponding to the variety of the thermal and solutal boundary layers, the
average rates of heat transfer (Nu) at the sidewall remain almost unchanged while the average rates of mass transfer (Sh) at the bottom
wall change much in the cases of N = 1,0,�1.
� 2005 Elsevier Ltd. All rights reserved.
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1. Introduction

Double-diffusive convection is formed due to the combi-
nation of temperature and concentration gradients in the
fluid, in which the thermal and mass diffusivities are differ-
ent, and the heat and mass transfer occur simultaneously.
Double-diffusive convection occurs in a wide range of sci-
entific field such as biology, oceanography, astrophysics,
geology, chemical processes and crystal-growth techniques
[1–7]. Huppert and Turner [8] had presented an early
review of the important developments in double-diffusive
convection and the result of a close interaction between
0017-9310/$ - see front matter � 2005 Elsevier Ltd. All rights reserved.
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theoreticians, laboratory experimenters and sea-going
oceanographers. In the past, most of the work done on
the double-diffusive convection is focused on rectangular
enclosures with aiding or opposing solutal gradient. Bejan
[9] reported a fundamental study of a scale analysis relative
to heat and mass transfer within a rectangular enclosure
when the buoyancy effect is due to density variations
caused by either temperature or solute concentration vari-
ations. Other studies within rectangular cavities were
carried out by Murty [10], Lee and Hyun [11] and Sundara-
vadivelu and Kandaswamy [12].

As the rapid development of modern electronics indus-
try, more interests in transport phenomena of crystal
growth have been expanded. During the growth of a crys-
tal, a good understanding of the buoyancy convection
flows in this problem is necessary since it associates closely
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Nomenclature

A aspect ratio A = H/R
C dimensionless solute concentration ðC� � C�

0Þ=
ðC�

0 � C�
wÞ

C* solute concentration
D mass diffusive coefficient (m2/s)
GrS solutal Grashof number
GrT thermal Grashof number
g gravitational acceleration (m/s2)
H height of the enclosure (m)
Le Lewis number
N buoyancy ratio N = GrS/GrT
Nu average Nusselt number
Pr Prandtl number
r, z dimensionless radial and axial coordinates,

r = r*/H, z = z*/H
r*, z* radial and axial coordinate (m)
R radius of the enclosure (m)
Sh average Sherwood number
t dimensionless time
T dimensionless temperature ðT � � T �

0Þ=ðT �
0 � T �

wÞ
T* temperature (K)

ur, uz dimensionless radial and axial velocity
u�r ; u�z radial and axial velocity (m/s)

Greek symbols

a thermal diffusive coefficient (m2/s)
bS coefficient of solutal expansion (kg�1)
bT coefficient of thermal expansion (K�1)
m kinematic viscosity (m2/s)
q density (kg/m3)
w dimensionless stream-function
w* stream-function
x dimensionless vorticity
x* vorticity

Superscript

* dimensional quantities

Subscripts
S solutal
T thermal
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to the local growth conditions and the overall transport
rate. Chamkha and Al-Naser [13] indicated that the poor
crystal quality is produced due to turbulence and predicted
numerically the characteristics of hydromagnetic double-
diffusive convective flow of a binary gas mixture in a
rectangular enclosure with horizontal temperature and
concentration gradients for Pr = 1, Le = 2 and RaT =
105. Chakraborty and Dutta [14] investigated the double-
diffusive convection on account of solutal undercooling
during non-equilibrium solidification of binary alloys. In
addition, the related experimental studies dealing with the
formation of the double-diffusive convection in the solidifi-
cation of a binary mixture were carried out [15–17].

Recently, there has been a focus on transient processes
in order to understand the oscillatory regime which occurs
for a certain range of the Grashof number and the buoy-
ancy ratio. Ghorayeb et al. [18] and Zhou and Zebib [19]
numerically studied the unsteady double-diffusive con-
vection in a horizontal container which is subjected to
simultaneous horizontal temperature and concentration
gradients to predict the critical GrT. Nishimura et al. [20]
predicted that oscillatory double-diffusive convection
occurs for a certain range of buoyancy ratio in a rectangu-
lar enclosure with combined horizontal temperature and
concentration gradients. Bennacer et al. [21] investigated
numerically and analytically the transient double-diffusive
convection in a rectangular enclosure with horizontal tem-
perature and vertical solutal gradients under the condition
Pr = 7, Le = 100 and A = 2.0, the analysis was focused
on a range of solutal to thermal buoyancy ratios (0.5 6

N 6 10.0). All these transient simulations are based only
on the initial steady flow, and the gradients are formed
by imposing different constant temperatures and solute
concentration conditions on two vertical or horizontal
walls. In addition, Sezai and Mohamad [22] pointed out
that there is a possibility of symmetric breaking even
though the boundary conditions are symmetric and
reported that the flow in a cubic enclosure subject to hori-
zontal and opposing gradients of heat and solute may
become three dimensional which cannot be detected by
2-D models. As a first approximation, two-dimensional
model is usually used to investigate the fundamental char-
acters of the problem.

As far as authors� knowledge is concerned, the numeri-
cal studies of transient evolution of the double-diffusive
convection in a vertical cylinder cavity have seldom been
dealt with in literatures, especially imposed cross thermal
and solutal gradients. However, the transient processes of
double-diffusive convection in circular container have some
special characters and it is of interest in both basic fluid
dynamic and practical applications, such as the production
of stratified fluid system and the Bridgman crystal-growth
procedure in which the cross thermal and solutal gradients
exist in the melt area. It should mention that Lin and Arm-
field [23] directly simulated the natural convection cooling
in a vertical cylinder, which is driven by thermal buoyancy
alone. Moreover, Mohamad and Bennacer [24,25] investi-
gated numerically the double-diffusive convection in a rect-
angular enclosure filled with saturated porous medium
which is submitted to the cross gradients of heat and solute.
Sung et al. [26] numerically studied double-diffusive
convection in a rotating annulus with horizontal thermal
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gradient and vertical solutal gradient for Pr = 1.0,
Le = 10.0, RaT = 105 and N > 0.

In this paper, we restrict ourselves to the investigation of
the structure of time-dependent double-diffusive convec-
tion in a vertical cylinder. In the following, a vertical cylin-
der with radial temperature and axial concentration
gradients is considered. The transient evolution characters
of the double-diffusive convection from the initial rest fluid,
for different buoyancy ratio (N > 0 and N < 0), are investi-
gated in detail and compared with the convection driven
only by a thermal buoyancy (N = 0). The work focuses
on the effects of the buoyancy ratio on the characters of
the flow, heat and mass transfer rates. Some significant
new results are obtained for the range of the buoyancy
ratio (from �1.5 to 1.5).

2. Numerical method

2.1. Mathematical model

The physical system is a vertical cylinder with a height of
H and a radius of R, and the aspect ratio A = H/R (see
Fig. 1). The following assumptions are made. The binary
fluid is Newtonian and the flow in the cylinder is axisym-
metric, incompressible and laminar. The heat generation,
viscous dissipation, chemical reactions and thermal
radiation are neglected. The Boussinesq approximation is
used. In the buoyancy term, the fluid density is expressed
as qðT �;C�Þ ¼ q0ð1� bTðT � � T �

0Þ � bSðC� � C�
0ÞÞ, where,

q0 ¼ qðT �
0;C

�
0Þ, bT ¼ ð�1=q0Þ ðoq=oT �ÞC� and bS ¼

ð�1=q0Þ ðoq=oC�ÞT � are the density at temperature T �
0 and

solute concentration C�
0, the thermal expansion coefficient
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Fig. 1. Computational domain and coordinate system.
and the solutal expansion coefficient, respectively. The gov-
erning equations are written by employing a vorticity-
stream function formulation. The stream function w* and
vorticity x* are defined in terms of the radial velocity
ðu�r Þ and axial velocity ðu�z Þ as

u�r ¼
1

r�
ow�

oz�
; u�z ¼ � 1

r�
ow�

or�
ð1Þ

x� ¼ ou�r
oz�

� ou�z
or�

ð2Þ

On the basis of the above assumption, the conservation
equations for vorticity, stream-function, energy and species
in dimensionless form are written as follows.
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Stream-function equation:
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Species equation:
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where GrT ¼ gbTDT

�H3

m2 , GrS ¼ gbSDC
�H3

m2 , Pr ¼ m
a, Le ¼ a

D and
N ¼ GrS

GrT
. In the above equations, lengths are non-dimen-

sionalized by H, stream-function by Hm, vorticity by
m/H2, time by H2/m, ðT � � T �

0Þ by DT � ðDT � ¼ T �
0 � T �

wÞ
and ðC� � C�

0Þ by DC� ðDC� ¼ C�
0 � C�

wÞ.
Initially the fluid in the cylinder is at rest, at uniform

temperature (T = 0) and solute concentration (C = 0). At
t = 0 the temperature on the sidewall changes impulsively
to T = �1 and the solute concentration on the bottom wall
varies to C = �1, this temperature and solute concentra-
tion are kept constant thereafter. The corresponding initial
and boundary conditions in dimensionless form can be
written as follows:

w ¼ x ¼ 0; T ¼ C ¼ 0 at all ðr; zÞ and t < 0 ð7Þ

w ¼ 0;
oT
or

¼ oC
or

¼ 0 on r ¼ 0 for t P 0 ð8Þ

w ¼ 0;
oC
oz

¼ 0; T ¼ �1 on r ¼ 1=A for t P 0 ð9Þ

w ¼ 0;
oT
oz

¼ 0; C ¼ �1 on z ¼ 0 for t P 0 ð10Þ

w ¼ 0;
oT
oz

¼ oC
oz

¼ 0 on z ¼ 1 for t P 0 ð11Þ
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The dimensionless average rates of heat transfer across
the side wall and mass transfer across the bottom wall
are expressed by the Nusselt and Sherwood numbers,
respectively:

Nu ¼
Z 1

0

oT
or

� �
r¼1=A

dz ð12Þ

Sh ¼
Z 1=A

0

oC
oz

� �
z¼0

dr ð13Þ
2.2. Numerical scheme

The control equations are solved numerically by a finite
element method and the temperature and solute concentra-
tion fields then can be simulated. Rectangular elements
with four nodes are used, in which bilinear function is con-
structed: U = b1 + b2n + b3g + b4ng.

The numerical method has been employed by authors
[27,28] to study the steady double-diffusive convection in
vertical rectangular and annular cavities with horizontal
temperature and solutal gradients and cross temperature
and solutal gradients, respectively. Some reasonable results
have been obtained, and the results in rectangular cavity
[27] agree well with Ghorayeb et al. [18]. In order to inves-
tigate the transient problem, implicit Euler backward
scheme is used to discretize the time derivative terms. The
variable band matrix equations are solved using Gauss
elimination method. The solution of the equations is car-
ried out in the following way. First step, all variables are
known at t = nDt. Second step, Eqs. (5) and (6) are solved
to obtain the initial approximation to Tn+1 and Cn+1, and
the derivatives of temperature and concentration are calcu-
lated. Third step, using the values of second step, Eqs. (3)
and (4) are solved to obtain a first approximation to
xn+1 and wn+1. Final step, if the values of vorticity at the

boundary wall satisfy xnþ1�xn

xn

�� �� 6 e ¼ 10�5, then time is pro-
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Fig. 2. Comparison of the results for different mesh schemes: the radial
profiles of temperature at mid-height z = 0.5 and t = 0.025.
gressed and this procedure is repeated; otherwise, relaxa-
tion iteration is used to get new estimate of xn at the
boundary wall and return back the first step, the procedure
is repeated until the convergence accuracy is achieved, then
time is progressed.

To test the grid independence of the scheme, the solu-
tions have been obtained on the meshes of 81 · 81,
101 · 101 and 121 · 121, respectively. In addition, different
time steps (dt = 0.00001, dt = 0.00002 and dt = 0.00004)
for mesh 101 · 101 are chosen. The profiles of temperature
as a function of radial distance at mid-height for t = 0.025
are shown in Fig. 2. The differences between the results of
different mesh schemes are very small, so the mesh 101 ·
101 (dt = 0.00002) is chosen in the present computation.

3. Results and discussion

The controlling parameters of the fluid flow and heat
and mass transfer rates for the double-diffusive convection
in an enclosure are thermal Grashof number, GrT, Prandtl
number, Pr, buoyancy ratio, N = GrS/GrT, Lewis number,
Le, and aspect ratio, A. In this paper, the parameters are
chosen as: GrT = 107, Pr = 7, Le = 5 and A = 2. In the fol-
lowing numerical examples, the coefficient of thermal
expansion bT is assumed to positive which means that the
fluid density q decreases with increasing T. In the case of
N > 0, it leads to a solute Grashof number GrS > 0 and
the coefficient of solutal expansion bS > 0; this means that
q increases with decreasing C. For N < 0, the case is oppo-
site, i.e. GrS < 0, bS < 0, it means q decreases with decreas-
ing C.

3.1. The evolution of thermal field and solutal field

Fig. 3 displays the thermal driven convection course for
N = 0. In Fig. 3(a), it is seen that a vertical thermal bound-
ary layer develops very rapidly on the sidewall. After the
full development of the vertical thermal boundary layer,
a cold flow begins to form and moves continuously along
the bottom wall towards the symmetry line. As the intru-
sion approaches the symmetry line, it extends along the
symmetry line first and then falls down to form a compli-
cated flow in the lower part of the cavity. As the fluid in
the lower part of the cavity loses its momentum gradually
and with the diffusion of thermal, the temperature stratifi-
cation generates in the cavity ultimately. These phenomena
compare well with the results reported by Lin and Armfield
[23]. From the picture of solutal field shown in Fig. 3(b), it
is observed that a crest of solutal field forms and pushed to
the symmetry line because the fluid of solutal boundary
layer along the bottom wall is squeezed by the cold flow.
After the crest reaches the symmetry line, it travels up
along the symmetry line.

Figs. 4 and 5 illustrate the double-diffusive convection
in the cases of N = 1 and �1. There are some interesting
characters, which are different from Fig. 3, because of
the presence of solutal buoyancy. In the case of N = 1,
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Fig. 3. Time evolution of the transient thermal field (a) and solutal field
(b) for the thermal convection of N = 0 in the cavity.
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Fig. 4. Time evolution of the transient thermal field (a) and solutal field
(b) for the double-diffusive convection of N = 1 in the cavity.
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Fig. 5. Time evolution of the transient thermal field (a) and solutal field
(b) for the double-diffusive convection of N = �1 in the cavity.
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Fig. 6. Time traces of radial velocity at location r = 0.25 and z = 0.02.
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as mentioned above, the density of the fluid in the solutal
boundary layer near the bottom wall increases. Hence, as
shown in Fig. 4, the cold flow near the bottom wall is
restrained and the rate of the development of solutal field
along the symmetry line slows down in contrast to the
case of N = 0. Finally, a domain in which the temperature
remains relatively high appears near the bottom of the
symmetry line, which is called a dead region. On the con-
trary, in the case of N = �1, after being squeezed by the
cold flow, the fluid near the bottom wall moves upward
easily because of its low density, as shown in Fig. 5; as
a result, more crests of the solutal field are formed and
the flow in the cavity becomes chaotic during the evolu-
tion due to the opposite direction of thermal and solutal
buoyancy.

3.2. Transient flow features

In order to provide a comprehensive and direct percep-
tion of the flow structure in the cavity, Figs. 6 and 7 sum-
marize the time traces of the velocity at two specific points
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Fig. 7. Time traces of vertical velocity at location r = 0.49 and z = 0.25.

Fig. 8. Velocity vector graph for N = 1 (a) and N = 0 (b) at t = 0.02.
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(r = 0.25, z = 0.02 and r = 0.49, z = 0.25), which are near
the bottom wall and side wall, respectively. In Fig. 6, it is
clear that the flow structures near the bottom wall are dif-
ferent in the case of N = 1, 0, �1. Fig. 6 illustrates that the
magnitudes of radial velocity in the case of N = 1 are
smaller than that of N = 0 since cold flow is restrained
by the heavier fluid near the bottom wall. In the case of
N = �1, as mentioned above, the density of the fluid in
the solutal boundary layer near the bottom wall will be
light and the flow is enhanced (Fig. 6). In addition, the
flow is affected due to the formation of the crests of solute
field near the bottom wall, so the traces of radial velocity
fluctuate all the time. In Fig. 7, it is observed that the flow
structures near the sidewall, for the cases of N = 0 and 1,
are similar, but the trace for N = �1 separates from
them obviously in the latter course and there are no
fluctuations.

3.3. Dead region for N > 0

As shown in Fig. 4, in the case of N > 0, a dead region
with weak flow and heat transfer is formed near the bot-
tom of the symmetry line. For N > 0, when the solute con-
centration at the bottom wall remains constant C = �1,
the density of the fluid near the bottom wall will increase
due to bS > 0. When the fluid in the solutal boundary near
the bottom wall is pushed to the symmetry line, it will be
difficult to move upward because its density increases,
where the heavy fluid is gathered. As a result, the flow
turns upward before it approaches the symmetry line and
then a dead region appears, as shown in Fig. 8(a). On
the contrary, Fig. 8(b) indicates that the flow is much
stronger at the bottom of symmetry line in the case of
N = 0. At the same time, Fig. 9 displays thermal field near
the bottom of the symmetry line for N = 0, 0.5, 1.0 and 1.5
at t = 0.02. It is observed that the dead region will form
gradually and its area will increase as N changes from 0
to 1.5.
3.4. Fluctuation near the bottom wall for N < 0

For N < 0, the density of the fluid in the solutal bound-
ary layer near the bottom wall will decrease in the current
case (C = �1 at z = 0). As shown in Fig. 5, the fluid near
the bottom wall is squeezed by the cold flow, and then
the crests of solutal field form continuously due to the
upward buoyancy force. These discontinuous upward flows
(crests) induce the oscillation of the traces. Fig. 10 depicts
the fluctuant traces of radial velocity near the bottom wall.
It is clear that the fluctuations of the traces are different
according the N values. When the buoyancy ratio N

changes from �0.5 to �1.5, the frequency of the oscillation
increases.

3.5. Nu and Sh

The average Nusselt number, Nu, at the sidewall and the
average Sherwood number, Sh, at the bottom wall are
depicted in Fig. 11 for different N. It is observed that Nu

changes little as the buoyancy ratio N varies; however,
the variations of Sh for different buoyancy ratio N are
obvious. These results are associated with the different pat-
terns of the thermal and solutal boundary layers. The vari-
ations of the boundary layer lead to the change of the
thermal and solutal gradients, which result in the variation
of Nu and Sh. As shown in Figs. 3–5, the solutal boundary
layers near the bottom wall are different from each other
for different N, and the vibration of the boundary layer
leads to the fluctuation of Sh for N = �1. However, the
thermal boundary layers near the sidewall are almost sim-
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ilar for N = 1, 0 and �1, which leads that the variations of
Nu are very small (Fig. 11(a)).
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Fig. 10. Time traces of radial velocity at point r = 0.25 and z = 0.02.
4. Conclusions

Numerical solutions are obtained for the transient pro-
cess of the double-diffusive convection in a vertical cylinder
with radial temperature and axial solutal gradients. The
presented results exhibit a comprehensive and direct per-
ception of the transient evolving process of the double-dif-
fusive convection from the initial rest fluid, at the same
time, new features of the double-diffusive convection are
observed for a given range of buoyancy ratio. The follow-
ing conclusive remarks have been drawn:

(1) Due to the cold flow from the sidewall, the fluid near
the bottom wall is squeezed, a crest of solutal field
forms and then will be pushed to the symmetry line.
After the crest reaches the symmetry line, it travels
up along the symmetry line.

(2) In the case of N > 0, the flow near the bottom wall is
restrained and a dead region forms. The area of the
dead region increases with increasing N from 0 to
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1.5 and the temperature at that region also increases
with the increasing N.

(3) For N < 0, more crests of the solutal field are formed
and the flow fluctuates continuously near the bottom
wall due to the opposite directions of thermal and
solutal buoyancy. The frequency of the fluctuation
depends on the magnitude of N. When N changes
from �0.5 to �1.5, the frequency of the fluctuation
increases.

(4) Under the conditions of N = 1, 0 and �1, the Nusselt
number at the sidewall changes little while the Sher-
wood number at the bottom wall varies considerably.
This is consistent with the different patterns of the
thermal boundary layers on the sidewall and the sol-
utal boundary layers on the bottom wall for different
N.
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